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Let U be a nonempty proper open subset of Rn, and put E = ∂U . Thus
E is a nonempty closed set in Rn with empty interior, and we are especially
interested in the case where E is connected and U has infinitely many connected
components. For instance, it may be that U = Rn\E, or that U is the union of
the bounded components of the complement of E.
A strong version of “complementary self-similarity” of E would ask that
the components of U be similar to each other, which is to say that they can be
transformed into one another by combinations of translations, orthogonal trans-
formations, and dilations. Many standard examples such as Sierpinski gaskets
and carpets have this property, since the bounded complementary components
are equilateral triangles or squares, etc. There are obviously numerous exten-
sions of this, using bilipschitz, quasiconformal, or quasisymmetric mappings,
and so on. However, this does not necessarily include self-similarity of the ar-
rangement of the components of U . As an extreme case, it may be that E has
positive Lebesge measure, and that the sum of the (n−1)-dimensional Hausdorff
measures of the boundaries of the components of U is finite.
One could also consider scale-invariant geometric conditions on the compo-
nents of U . A very basic condition of this type would ask that each component
V of U contain an open ball whose radius is at least a positive constant times the
diameter of V . A related scale-invariant condition concerning the arrangement
of the components of U would say that for each x ∈ E and 0 < r ≤ diamU
there is a component of U contained in B(x, r) whose diameter is at least a
positive constant times r. The combination of these two conditions implies that
E is porous, in the sense that for each x ∈ E and 0 < r ≤ diamU there be a
point in B(x, r)\E whose distance to E is at least a positive constant times r.
A more qualitative form of the second condition would simply ask that there be
a component of U contained in B(x, r) for every x ∈ E and r > 0.
As another possibility, suppose that there is a k ≥ 1 such that for each
component V of U and every x, y ∈ ∂V there is a continuous path in ∂V that
connects x to y and has length ≤ k |x − y|. This implies that every continuous
path in U with finite length ≤ L connecting a pair of elements of E can be
modified to get a path in E with the same endpoints and length ≤ k L. In
many cases, U is very nice, perhaps even convex, and so it may be very easy
to connect elements of U by paths of controlled length. Of course, there are
analogous assertions for higher-dimensional fillings.
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Although distinct components of U are disjoint, their closures may or may
not be. If the closures are disjoint, then one can look for lower bounds on the
distances between them. A basic scale-invariant condition would ask that
min(diamV, diamW ) ≤ C dist(V,W )(1)
for some C > 0 and any two distinct components V , W of U .
Note that E has topological dimension n−1 when E = ∂U for a disconnected
open set U ⊆ Rn. More precisely, the topological dimension of E is ≤ n − 1
because E has empty interior, and it is then equal to n− 1 because E separates
elements of Rn.
Suppose that E is compact. For each w ∈ Rn\E, let piw be the mapping
from E into the unit sphere Sn−1 defined by
piw(x) =
x− w
|x− w|
.(2)
A famous theorem states that piw and piz are homotopically equivalent if and
only if w and z are in the same component of the complement of E. In particular,
piw is homotopically trivial exactly when w is in the unbounded component of
R
n\E. The Lipschitz constant of piw can be estimated in terms of 1/ dist(w,E),
which one might like to be as small as possible.
Even when the complement of E is connected, there can be a lot of topo-
logical activity related to linking. There is also some discreteness involved with
this, as indicated by homology or cohomology groups with integer coefficients,
or by homotopy classes into nice spaces for which close mappings are homotopic.
There can still be matters of linking when E is connected, U has infinitely many
connected components, and n ≥ 3, because the components of U may not be
contractable. Common features of the topology of the components of U are an-
other aspect of self-similarity of the complement of E. At any rate, one is likely
to be interested in more than just homotopy classes of continuous mappings
from E into the nonzero complex numbers when the topological dimension of
E is strictly greater than 1.
A nice hypersurface in Rn has two sides, corresponding to two complemen-
tary components. Using Cauchy integrals from ordinary complex analysis when
n = 2 and extensions to higher dimensions based on quaternions or Clifford
algebras, functions on the hypersurface can be split into two pieces, which are
boundary values of holomorphic functions on the two complementary compo-
nents. However, if E ⊆ Rn is sufficiently “large”, then the Cauchy integral of
suitable measures on E determine continuous functions on Rn that are holo-
morphic on the complement of E. One can still look at operators involving
projections onto holomorphic functions on the individual complementary com-
ponents, even when there are infinitely many components.
References
[1] W. Arveson, A Short Course on Spectral Theory, Springer-Verlag, 2002.
2
[2] M. Atiyah, Global theory of elliptic operators, in Proceedings of the In-
ternational Conference on Functional Analysis and Related Topics, 21–30,
University of Tokyo Press, 1970.
[3] M. Atiyah, K-Theory, Notes by D. Anderson, 2nd edition, Addison-Wesley,
1989.
[4] R. Bott and L. Tu, Differential Forms in Algebraic Topology, Springer-
Verlag, 1982.
[5] F. Brackx, R. Delanghe, and F. Sommen, Clifford Analysis, Pitman, 1982.
[6] L. Brown, R. Douglas, and P. Fillmore, Extensions of C∗=algebras, op-
erators with compact self-commutators, and K-homology, Bulletin of the
American Mathematical Society 79 (1973), 973–978.
[7] L. Brown, R. Douglas, and P. Fillmore, Unitary equivalence modulo the
compact operators and extensions of C∗-algebras, in Proceedings of a Con-
ference on Operator Theory, 58–128, Lecture Notes in Mathematics 345,
Springer-Verlag, 1973.
[8] L. Brown, R. Douglas, and P. Fillmore, Extensions of C∗-algebras and K-
homology, Annals of Mathematics (2) 105 (1977), 265–324.
[9] R. Coifman and G. Weiss, Analyse Harmonique Non-Commutative sur Cer-
tains Espaces Homoge`nes, Lecture Notes in Mathematics 242, Springer-
Verlag, 1971.
[10] R. Coifman and G. Weiss, Extensions of Hardy spaces and their use in
analysis, Bulletin of the American Mathematical Society 83 (1977), 569–
645.
[11] A. Connes, Noncommutative Geometry, Academic Press, 1994.
[12] R. Douglas, C∗-Algebra Extensions and K-Homology, Princeton University
Press, 1980.
[13] R. Douglas, Banach Algebra Techniques in Operator Theory, 2nd edition,
Springer-Verlag, 1998.
[14] K. Falconer, The Geometry of Fractal Sets, Cambridge University Press,
1986.
[15] H. Federer, Geometric Measure Theory, Springer-Verlag, 1969.
[16] J. Gilbert and M. Murray, Clifford Algebras and Dirac Operators in Har-
monic Analysis, Cambridge University Press, 1991.
[17] E. Giusti, Minimal Surfaces and Functions of Bounded Variation,
Birkha¨user, 1984.
3
[18] A. Hatcher, Algebraic Topology, Cambridge University Press, 2002.
[19] J. Heinonen, Lectures on Analysis on Metric Spaces, Springer-Verlag, 2001.
[20] W. Hurewicz and H. Wallman, Dimension Theory, Princeton University
Press, 1941.
[21] J. Kigami, Analysis on Fractals, Cambridge University Press, 2001.
[22] S. Krantz, A Panorama of Harmonic Analysis, Mathematical Association
of America, 1999.
[23] S. Krantz and H. Parks, The Geometry of Domains in Space, Birkha¨user,
1999.
[24] W. Massey, A Basic Course in Algebraic Topology, Springer-Verlag, 1991.
[25] P. Mattila, Geometry of Sets and Measures in Euclidean Spaces, Cambridge
University Press, 1995.
[26] F. Morgan, Geometric Measure Theory: A Beginner’s Guide, 3rd edition,
Academic Press, 2000.
[27] W. Rudin, Real and Complex Analysis, 3rd edition, McGraw-Hill, 1987.
[28] E. Stein, Singular Integrals and Differentiability Properties of Functions,
Princeton University Press, 1970.
[29] E. Stein, Harmonic Analysis: Rea;-Variable Methods, Orthogonality, and
Oscillatory Integrals, with the assistance of T. Murphy, Princeton Univer-
sity Press, 1993.
[30] E. Stein and G. Weiss, Introduction to Fourier Analysis on Euclidean
Spaces, Princeton University Press, 1971.
[31] R. Strichartz, Differential Equations on Fractals, Princeton University
Press, 2006.
[32] J. Va¨isa¨la¨, Lectures on n-Dimensional Quasiconformal Mappings, Lecture
Notes in Mathematics 229, Springer-Verlag, 1971.
[33] J. Va¨isa¨la¨, Porous sets and quasisymmetric maps, Transactions of the
American Mathematical Society 299 (1987), 525–533.
[34] J. Va¨isa¨la¨, Metric duality in Euclidean spaces, Mathematical Scandinavica
80 (1997), 249–288.
4
